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ABSTRACT

A rank test based on the number of ‘near-matches’ among
within—block rankings is proposed for stochastically ordered alternatives in a
randomized block design with t treatments and b blocks. The asymptotic
relative efficiency of this test with respect to the Page test is computed as
number of blocks increases to infinity. A sequential analog of the above test
procedure is also considered. A repeated significance test procedure is
developed and average sample number is computed asymptotically under the
null hypothesis as well as under a sequence of contiguous alternatives.

1. INTRODUCTION

The aim of this paper is to develop a new rank test to test the equality
of t distribution functions against possible stochastic ordering among them.
Consider

HO:FI =..= Ff,

against the ordered alternative
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where at least one of the inequalities is strict. Let X = (Xi j)’ i=1,...,b, j=
1,...,t denote the data. We assume that

X,

j=Z+ By i=lub, j=1.t

J

where {Zij} and {Bi}’ i=1,.,b, j=1,..,t, are mutually independent
random variables {r.v.’s) and {le,...,ij} are r.v.’s with (df) F. and
B.’s are identically distributed. This is a generalization of the fixed effects
Analysis of Variance (ANOVA) model where X.. = Y,; + d; + b;, and
{Yij}’ i=1,.,b, j=1,.,t, areindependent and identically distributed
(iid) r.v.’s with d.f. F and {dj} and {b;} are the nonrandom treatment
and block effects respectively.

Several test procedures are available in the literature for the proposed
hypothesis. Page’s test [6] based on Spearman’s rank correlation is a rank
test based on within-block ranks whereas tests proposed by Hollander [3],
Puri and Sen [8], Sen [11] are among-block rank tests. Each test has its
merits and demerits and they have been discussed by Pirie [7], and Puri and
Sen [9]. Indeed, Page’s test is the locally most powerful rank test for Logistic
distribution alternatives with linear trend. It should be emphasized that this
optimality property is maintained only if the location trends d.’s are linear in
J- A new rank test based on the idea of ‘Near-Match’ [4] is developed and
the case of number of blocks going to infinity is discussed. The case of
number of teatments going to infinity is discussed by Jammalamadaka et al.

[5].
Let (Ril""’Rit) denote the within-block ranking of the ith block.

For any fixed non-negative integer k(< %) we say that a ‘near-match’ has

b
occurred at the ¥ place if IRyl <k Let MP = M(ktb) = T M,(kt)
i=1
1
where M, = M(kt) = % ch{lRij—jl < k}, cj’s are constants and
j=1

I{|R;;il< k} is 1 or 0 according as IRyl ¢k o [Ryi > k. The
case k=0, ¢ = 1 corresponds to the classical matching problem (see Feller



Downloaded by [University of Nevada Las Vegas] at 13:20 21 April 2015

A RANK TEST 2265

(1], page 90). If the alternative is true, one expects that R, j will be closer

to j. Hence large Mb should support the alternative. The so—called
"regression" constants {cj, j=1,2...t} are chosen to reflect the trend in the
alternative. Though the above test is a within~block linear rank test, it is

not a simple linear rank test in the sense of H:’ijek and Sidak (see [2], page
61).

In section 2, we study the asymptotic behavior of the above M-test,
both under H0 and under a contiguous sequence of alternatives. In Section
3 the sequential analog of the above problem, namely repeated significance
testing, is developed and the average sample number is computed
asymptotically under both sets of hypotheses. In section 4, we compare the
M-—test with the Page test, through asymptotic relative efficiency (ARE), for
various values of t and with different underlying distribution functions F.
Comparisons are also made through simulated powers and strength and
weaknesses of the M—test are discussed.

2. THE TEST PROCEDURE AND ITS ASYMPTOTIC DISTRIBUTION
The following theorem gives the limiting distribution of the M-test
under HO'

M° - ba, C e
Theorem 2.1. Under HO’ 75—00— converges in distribution to the

standard normal as b - o where

E_(M,) 5 E
o= = t cC.
0 ol j=la=jk
1< agt

and

t j+k  _ t t j+k i+k cec.
A=VaM)=5 £ tF2+28 5 5§ -2

j=1o=j-k ! i<j u=j-kv=i-k

1<ast 1< utv <t

Proof:
Since Mls are ii.d. random variables with Var (M;) < , by the
central limit theorem, we have the asymptotic normality. Computation of
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E (M) and Var (M,) are as follows:

EO(MI) = E CJ E, I{Ile_jl) < k}

t
Y c.P (-k<R,.<j+k
t  j+k -1
P = t “c.
=1 e=jk I

1<aft

where P o is the probability measure under HO' The null variance is easily
obtained as

]
2 : 2 2
0= Eo[j£1 g I{lle—Jl Sk} - p

]
2 .
= Eo[jil €5 I[IRij_Jl <k}

+2E [z ncc H{|Ryp-i] €} IR ] < k)] - 4 M
btk ;4 t bt j+k itk 0
=X X t c;+2X £ I by cic.PO(R1.=u,R1i=v)—u0.
=la=j%k i<ju=jkv=i-k 'J J
1<ast 1< utv <t

1 Ly
The proof is complete by noting P oR 17=0Ry Ry=v) = ) for i#j and
utv. m

Remark 1: As a consequence of Theorem 2.1, an appropriate test of level a

MP - b
is given by rejecting H, if >z, where z_ is the 100(1-a
€ Yo Jb 9 a a

percentile of the standard normal distribution.
To study the asymptotic power properties of the M—test, consider the
following sequence of contiguous alternatives
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Hy:dy/vb < dg/vb <. < dy/ib,
with at least one strict inequality. We also assume that F has a continuous

®
density f on the support of F and [ f2(x)dx < w. The next theorem
—0
discusses the asymptotics of the M—test under Hb'
. Mb B bp‘o :
Theorem 2.2. Under the alternative Hb, TTTO_ converges in

distribution to the normal distribution with mean @ and variance 1 as

b - o, where

t
_ -1
f=0a,t 521 ¢4y By 912~ Fjyx-1,12b

with
t
d= t'l z di
=1
and
m
o= [ PRl R e if 0¢ a2,
at-2 " -
0 otherwise.
Proof:

Let Hyy and cr% denote respectively the expected value and the

variance of M, under Hb. It can be easily seen that alz) converges to 0(2)

b
M" - by
as b-w. Under Hp, again using the central limit theorem, 750_1)_

converges in distribution to the standard normal distribution as b - . Since

b b
M -buy M -by % o
b % vb T 75 9%
need to show that ‘/b(”'b—p‘o) converges to 6o, as b-w. If Py denotes
the measure under Hb, we have

(ky,—H,), to prove the theorem we only
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1
by = By = Byl 2 o IRyl <)

t
t
Now Pb(le = a+l) = Pb (iil "ij = a),
4]

where 7, = b xy gy
J o otherwise

Note that conditioned on le =X, 7, { = 12.3}1,j+1,.t, are

independent Bernoulli r.v.’s with parameter p 6= F(x—d l/‘/b)‘ Since nlj’s

depend on the difference (x, [le)’ the block effect b, gets cancelled out.

Let A ={0,1} and AT = AxA L (t-1) times. Let i% = (il’i2"”’it—1) €
t—1

At-1 be such that I ij =a Let I a denote the set of all possible i%s.
j=1

Clearly I is a subset of A*™ with cardinality (“'). Thus

t
Pb( 51 nlj = a)
€4]
@®
=%

DLy e (6] 2oy E S 4Rt )
a

(3)
[vy]
=% [ 0 Flx{dd)w] 0 {1-Flx(d,d.)//b]}dF(x).
iaeIa ™ {ti =1} J {t:i =0} [d']
Since F has a continuous density, we have the following Taylor expansion,

Fli-{dyd)/b] = F()~(d4){(x)/vb + o, (1/4b), (4)

where o _(1/yb) goes to zero as b goes to infinity when multiplied by yb.
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Also note that

t j+k t j+k _ © i
p=% '8 tle=3 "% ofth 1 PEI-FE] 1-C4p(x).
j=le=j%k I j=1 a=jk !

1<alt 0< agt-1 (5)
Combining (2), (3), (4) and (5) we have
Vo, —1,)
t j+k-1 w a t—9—a
= . . F(x -F(x 1(x)dF(x
s 7, e T e ars)
0 < a<tl

(6)

@
- (@) [P -FE]TTR)) + o),
{¢: i[=1} —
where o(1) term goes to zero as b - . (Note that equation (4), Lebesgue

dominated theorem and the assumption that jfz(x)dx < o gives us the
o(1) term in the above expression.) Collecting terms in (6) we obtain the
required result.

3. REPEATED SIGNIFICANCE TESTING
A repeated significance testing procedure is developed below as in Sen
(see [12], page 243). Considerable savings in number of blocks b can be

achieved if we perform the experiment sequentially. Let Ub = Mb—bp,o.
Define hy = Max {Uy:ny; < b < N}, where n =ny and N are the initial
and target sample sizes respectively. For every a ¢ [0,1], n and N there

exists an ay and hoN such that
o 0
0< ay = P(hN > hNIHO) <ag P(hN > hNIHO).

Corresponding to the level of significance « and the critical value hﬁ-, we
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may associate a stopping variable T = ’i‘N = min{bn < N, Uy > hoN} and

T= N, if no such b exists. U. should be the statistic of interest, however,
T

determining hoN is almost impossible for large N and hence an

appropriate « level test based on the invariance principle, is developed

below.

Let Ky(s) =i if iNT¢s<(#+)N, o¢i<N,

=N if s=1.

Note that {Ky(s), s ¢ [0,1]} is a sequence of nondecreasing right
continuous, nonnegative integer valued functions such that KN(I) =N and
Kn(0) = 0. For every N, define a stochastic process Yy = {Yy(s),
s € [0,1]} such that

-1/2 -1
Y(s) =N U , 0<s<1.
N() % Uky(sy 0¢8¢

Assume that nNL -0 as N - a. Also, let D'g = sup W(s), where
0¢<s¢1
{W(s): 0 < 8 < 1} is the standard Brownian process. Let the upper 100 &

percentile of D-g be Dj)'(a). Since the M’s areii.d. r.v.’s, under HO’
YN converges in distribution to W as N~ o and hence

~-1/2 -1
N / 9, hN - D'g (7)
An appropriate a level repeated significance test based on
{Upm ¢ b <N} is as follows:

. -1/2 -1
T=Tg=min{b:n¢b¢N, N / a5 Uy > DE(e)},

=N, ifnosuch b exists.

We reject H, if N—l/ 2031UT > D':;' (a) and accept it otherwise. The
0

next theorem gives the average sample number ET asymptotically under
H, as well as under Hy.
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Theorem 3.1.
Under HO’

limNET = 1- sz 17 M2 ep- )dudt
N-ow 0 D+(a)

where as under Hb

1im N"'ET = j P{W(s) + 65 < D} (a), forall 0<sgt}dt,
N-ow

and 4 is as defined in Theorem 2.1.

Proof:
Note that under HO’

N—2
£ P(T>m)
m=n

NTETy = Nln 4+ N Ip(T=N) + N7

N—2
Nl NIp(T=N) + N1 © p( Max NYZTly, < DF(a)).
m=n n<k<m

Since N™'n-0 as N~ w, using (7) we get

Lim N -IgT = j P{ sup. W(s)< DY ()} dt. (8)
- 0

It is well known that

9 1/2 o 112
Pl evp W) >0 =) 1 e (Fp) e ®

Using the above identity and (8) gives us the first part of the theorem.
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I N ¢s < (741N}, under By we have,

E(Yy(s) = E N2 Uy (o)

_ -1/2 -1
=EN 7, Uj

1/2 1/2 -1

= E N2 ) + NV 26T ().

The above equation, (1) and jN_1 <s < (j+1) N! imply
1im E Y,(s) = sé.
N-w N

Now convergence of the process Yy under Hb’ follows easily and the

*
limiting process is W +
*
where p (s) = sf 0<s< L.

Thus as in (8), average sample number under Hb is given by

1
lim N"'ET = | P{ sup [W(s) + 6] < D7 (a)}dt. (10)
N-o 0 0<s«<t
Remark 2.

An expression parallel to (9) for P{ sup [W(s) + 6] < x} is more
0<s<t
complicated and only an infinite series is available. Also note that
1-P{ sup [W(s) + 65] ¢ D'g(a)} is the asymptotic power of our sequential
0¢<s<t

test under Hb.

4. DISCUSSION
Several test procedures are available in the literature for the proposed
hypotheses. Each test has its merits and demerits and as mentioned in the
introduction, they have been discussed by Pirie [7] and also by Puri and Sen
[9]. It is well known that the Page’s test attains its highest asymptotic
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power when the underlying distribution is Logistic whereas among-block

rank tests of Hollander [3] and Puri and Sen [8] are more sensitive to the
normal distribution. The Page’s test is given by

bt
W=_§ z (j_t_-ig-_l)(Rij_t_Jfgi):

converges in distribution to N(A,1) where

2 _ bt2(t+1;2(t—1)
w e ?

32 = 212 B

and

Vi

The ARE of the M—test with respect to the Page test is ey v = =5 . The
’ A
ARE’s are calculated for various values of t and for variety of trends such

as d.i = In(j) and d.i = j3. Computations indicate that the M—test is more

sensitive to heavy-tailed distributions and the ARE increases with k. The
values of eM.Ww are shown in table 4.1 for the Normal, Double Exponential,
Logistic, Cauchy, and symmetric Pareto (a = .5) distributions with

¢ = li~ t—;—l| and linear trend dj = j. It may be recalled that Page’s test

is the locally most powerful rank test for this equi-spaced case i.e., the
so—called linear trend, when the underlying distribution is the Logistic.
Appropriate choices of the cj, j=1,2...t, given the distribution F are

obtained as follows: Observe that 02 in Theorem 2.2 can be written as

y 2
(-g,—g%— , where C = (cl,c2,...,ct)’, and prime denotes the transpose. The
column vector U and positive definite matrix A can be found from the
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Table 4.1

Asymptotic relative efficiencies of the M~test with respect to
. t+1 )
he P L= |j—- d.=
the Page test (cJ li-==1 § J)

Standard |Double Symmetric
(t,k) Normal Exponential |Logistic |Cauchy |Pareto a=.5
3.1 .90 .90 .90 .90 .90
41 .76 .75 .79 91 1.17
5.1 .13 12 .76 .90 1.18
5.2 .76 76 .78 87 1.05
6.1 .68 .67 .70 .82 1.02
6.2 .72 71 .76 94 1.38
7.1 .63 .62 .65 74 .85
7.2 .70 .69 .74 .95 1.49
7.3 .73 72 .76 .89 1.19
8.1 .57 .56 .59 .65 .67
8.2 .68 .67 .72 92 1.43
8.3 T .69 .75 .96 1.57
9.1 .53 .52 .54 .58 .53
9.2 .66 .64 .70 .88 1.28
9.3 .69 .68 .74 .98 1.74
9.4 g .70 75 91 1.32
10.1 .48 .48 49 .51 42
10.2 .63 .62 .67 .83 1.10
10.3 .68 .66 73 .98 1.76
10.4 .70 .69 75 .98 1.71
11.1 44 44 45 .46 34
11.2 .61 .59 .64 .78 .93
11.3 .67 .65 .71 .96 1.66
114 .68 .67 74 1.01 1.95
11.5 .70 .69 74 .92 1.42

2

expressions of # and o, given in Theorems 2.1 and 2.2 respectively.

Supremum over all possible vectors C is achieved when C = A_lU (see
C.R. Rao, [11], page 60). When F is Cauchy, the optimal regression

constants c. are very close numerically to |j- t—'éil .

The ARE’s reflect the asymptotic performance of the tests. To get
some idea of the performance of the M-test for moderate sample sizes,
simulations were performed which indicate that this test performs well for
heavy tailed distributions. Table 4.2 gives the results for b = 30 and when
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Table 4.2

Power simulation of the M—test and the Page test

TS
(C;=li~=1, 4=1)

Standard Double Stable
(t.k) Normal Exponential Logistic Cauchy (8=0, 0=0.5)
M Page M Page M (Page |M |Page |M Page
3.1 .02 .04 .00 .00 .00 .00 .00 .00 .00 .00
4.1 .08 13 .02 .01 .00 .00 05 .06 .05 .06
5.1 .23 32 .09 .09 .00 .00 .07 .05 .16 .20
5.2 .28 .32 .08 .09 .00 .00 .05 .05 .23 .20
6.1 37 .55 23 .35 .02 .00 .09 .08 .15 .16
6.2 .39 .55 21 .35 .01 .00 .09 .08 21 .16
7.1 56 .80 41 .67 .05 .14 17 .19 21 .24
7.2 .62 .80 45 .67 .07 .14 17 19 .30 .24
7.3 .61 .80 47 .67 12 .14 17 19 23 24
8.1 78 .97 .65 .92 .18 .31 .30 .34 .30 .30
8.2 .85 97 .66 .92 .19 .31 .36 .34 44 .30
8.3 .83 .97 .73 .92 24 .31 .32 .34 .33 .30
9.1 .87 1.00 .66 .92 .36 57 46 .55 37 44
9.2 .96 1.00 .78 .92 .43 .57 .52 .55 63 44
9.3 .98 1.00 .87 .92 AT .57 .57 .55 .63 44
9.4 .96 1.00 .80 .92 A7 57 .46 .55 43 44
10.1 .95 1.00 .81 1.00 .49 .81 .59 .78 42 .65
10.2 .99 1.00 .94 1.00 67 .81 .79 .78 .73 .65
10.3 1.00 1.00 97 1.00 .69 .81 .83 .78 .83 .85
10.4 1.00 1.00 .98 1.00 .69 .81 .78 18 .80 .65
11.1 .98 1.00 .98 1.00 .75 97 .73 93 .51 .82
11.2 1.00 1.00 .99 1.00 .89 97 91 .93 .82 .82
11.3 1.00 1.00 1.00 1.00 .92 .97 97 .93 .93 .82
11.4 1.00 1.00 1.00 1.00 .93 97 .95 .93 .94 .82
11.5 1.00 1.00 1.00 1.00 91 97 91 .93 .78 .82

the underlying distributions are Cauchy, Normal, Double Exponential,
Logistic, and symmetric Pareto (o = .5). (Simulation results are based on

300 replications for each value).

5. CONCLUDING REMARKS
The proposed M-test is particularly suited for heavy tailed
distributions. It is a simple test to apply. Efficiency calculations and power
simulations indicate that this test does much better than other existing tests,
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in particular the Page test. As seen from Tables 4.1 and 4.2, the three
distributions Normal, Double Exponential, and Logistic behave almost the
same since the tail properties are approximately the same. On the other
hand, for Cauchy and symmetric Pareto (o = 0.5) distributions the
efficiencies and the simulated power increases and gets considerably better
since these distributions have heavier tails than the first three. The M test
appears to perform better with 10 or more treatments for moderately tailed
distributions (like the normal) while it does better with a much smaller
number of treatments for heavy tailed distributions (like the Pareto). Also,
empirically, one may note that the best choice of k, the "window length" is

(%~1) for t evenand (t-3)/2 for t odd.
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